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Two-pion production in electron-polarized proton scattering
A.I. Ahmadov∗
JINR-BLTP, 141980 Dubna, Moscow region, Russian Federation and
Institute of Physics, Azerbaijan National Academy of Sciences, Baku, Azerbaijan
E.A. Kuraev† and Yu.M. Bystritskiy‡
JINR-BLTP, 141980 Dubna, Moscow region, Russian Federation
The process of two pion production in the electron-polarized proton scattering
is investigated. In the Weizsa¨cker-Williams approximation the differential spectral
distributions and the spin-momentum correlations are considered. The spin correla-
tion effects caused by ρ-meson widths are estimated to be of an order of several per
cent. Both channels of the pi+pi− and pi+pi0 creation are considered. The effects of
intermediate excited baryons are not considered. The spectral distributions on pion
energy fractions in polarized and unpolarized cases are presented analytically and
numerically.
I. INTRODUCTION
In the Semi-Inclusive Deep Inelastic Scattering (SIDIS) setup (see papers [1–11]) with
the production of (2π) states in the ep - scattering we studied azimuthal correlation between
the direction of polarization of the proton and the transverse momentum of the pion. In
the SIDIS description (ep → eNππ) in the kinematics of the forward electron scattering
there are two different mechanism of production 2π. One of them (so called ”two photon
mechanism”) contains the sub-process γρ→ 2π with the emission of almost real photon by
the electron and the ρ -meson emission by the nucleon. The other is connected with the
”Compton mechanism”. It contains the sub-process when the photon directly interacts with
the proton and creates a ρ meson with its subsequent decay into a pair of pions.
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Fig. 1: Two mechanisms production of 2pi in electron proton scattering.
The kinematics considered corresponds to the fragmentation region of the proton. Besides
we restrict ourselves to the case when the invariant mass of the the final state N2π is small
enough to exclude the baryon resonances in the intermediate state.
We consider two channels with the creation of π+π− and π+π0 states.
In this kinematical region we use the approach of low-energy theory of nucleon-pion
interaction [12–16].
The alternative way is associated with applying the perturbation theory of QCD. It must
take into account the contributions arising from the higher twist operators. Another is to
use the CHPT theory. Here, both these theories are not dealt with.
In this paper, we discuss the possibility of separate study of these two different mecha-
nisms of SIDIS, based on the analysis of Dalitz distributions in the system (pππ), (nππ).
To do this, we consider the ratio of polarized and unpolarized contributions.
The Dalitz-plot distributions in the case of unpolarized initial proton are considered as
well.
We suggest the independent method of studying SIDIS by measuring the Dalitz distri-
bution of the final system pπ+π−, nπ+π0.
Different mechanisms of the creation of π+π−(π+π0) final state are considered in the case
of scattering of the electron on the polarized proton.
The relevant Feynman diagrams are presented in Fig1.
The near-forward electron scattering kinematics (first diagram in Fig. 1) provides
the Weizsa¨cker-Williams (WW) enhancement of the cross section [17] by a factor L =
ln
(
s2/
(
M2pm
2
e
)) ∼ 20, common for both mechanisms. Besides there is the Compton mech-
anism (see second diagram in Fig. 1) which contains Breit-Wigner enhancement factor asso-
3ciated with the intermediate ρ-meson state decaying into a pion. It permits one in principle
to distinguish the contributions of two mechanisms.
The specific feature of the Compton mechanism - is the possibility to study the one-spin
correlations of the proton spin direction with the momenta of the pion in the final state.
Due to a rather large width of the ρ-meson this correlation can presumabely be measured
[18, 19].
Both experimental set-ups the case of the fixed proton target (HERMES facility) and the
case of colliding beams (ZEUS facility). These reasons are the motivation of this paper.
Our paper is organized as follows. In the first chapter, we describe the kinematics of
forward scattering to be applied to the process studied and infer the form of the differential
cross section. In the second part, the channel with production of a pair of charged pions
is considered. In the next parts, the channel with π+π0 production is considered and the
results of numerical analysis of unpolarized and polarized parts of the cross sections are
presented.
To study the processes
e−(p1) + p(p) → e−(p′1) +N(p′) + πi(r1) + πj(r2); πi = π+, π−, π0, (1)
in the kinematics of the near forward electron scattering
s = 2pp1 >> |q2|, q = p1 − p′1, p2 = p
′2 = M2, r21 = r
2
2 = m
2,
s1 = (p
′ + r1 + r2)
2 −M2 << s, (2)
it is convenient to use the basis of two light-cone vectors built from the momenta of the
initial particles and use the Sudakov parametrization of the momenta of other particles [20]
p˜1 = p1 − pm
2
e
s
; p˜ = p− p1M
2
s
,
p˜21 = O
(
m4e
M2
s2
)
; p˜2 = O
(
m4e
M4
s2
)
,
2p˜p˜1 = s; 2pp˜ = M
2; 2p1p˜1 = m
2
e. (3)
Without loss of the accuracy we use below p˜2 = p˜21 = 0. Accept now the Sudakov
parametrization
q = αp˜+ βp˜1 + q⊥;
ri = xip˜+ βip˜1 + ri⊥;
p′1 = p1 − q; p′ = xp˜ + βp˜1 + q⊥, (4)
4with qi⊥p = qi⊥p1 = 0 and q
2
i⊥ = −~q2i . The conservation law reads as
x+ x1 + x2 = 1; ~q = ~p
′ + ~r1 + ~r2; β = β
′ + β1 + β2 − M
2
s
. (5)
Using the on mass shell condition of the scattered electron p
′2
1 −m2e = 0 one finds
q2 = − 1
1− β [~q
2 + q20], q
2
0 = m
2
eβ
2 = m2e(
s0
s
)2,
s0 = sβ =
1
x1
[~r21 +m
2] +
1
x2
[~r22 +m
2] +
1
x
[(~r1 + ~r2)
2 + (1− x)M2]. (6)
Here we also use the on mass shell conditions for pions.
The matrix element in the Born approximation has the form
Mep→eN2pi =
4παG
q2
[u¯(p′1)γµu(p1)] Jν(q)g
µν, (7)
where Jν(q) is the hadron current
Jν(q) = u¯(p
′)Oνu(p), (8)
which obeys the current conservation condition Jλ(q)q
λ = 0, operator Oν will be defined
below. The quantity G is a product of ρ-meson coupling constants G = gρpipigρNN ≈ 20.
Significant simplification comes from the Gribov form of the metric tensor gµν in the
photon propagator [20]:
gµν = gµν⊥ +
2
s
[p˜µp˜ν1 + p˜
ν p˜µ1 ] ≈
2
s
p˜µp˜1
ν . (9)
In the kinematics we are considering, the only (2/s)p˜µp˜ν1 component of this tensor is relevant.
Other terms give the contributions which are suppressed by the factors
O
(
M2
s
)
≪ 1. (10)
We also systematically omit the terms of an order of
O
(
m2
M2
)
∼ 0.02. (11)
The terms of this order of magnitude (which are systematically omitted below) determine
the accuracy of our consideration.
Thus, the matrix element has the form:
Mep→eN2pi =
8πsα
q2
NeM
i
h, i = π
+π−, π+π0, (12)
M ih =
1
s
u¯(p′)pν1Oν(q)u(p, a),
Ne =
1
s
[u¯(p′1)γµu(p1)] p˜
µ.
5It is easy to see that
∑
|Ne|2 = 2, (13)
and that the quantity Nh does not depend on s in the large s limit.
Let us now parameterize the phase volume of the final particles:
dΓ = (2π)−8
d3p′1
2E ′1
d3p′
2E ′
d3q1
2E1
d3q2
2E2
δ4(p+ p1 − p′ − p′1 − q1 − q2). (14)
We use below the on-mass shell relation for pions
d3ri
2r0i
= d4riδ
(
r2i −m2
)
=
s
2
dxidαid
2~riδ
(
sxiβi − ~r2i −m2
)
=
1
2xi
dxid
2~ri, i = 1, 2. (15)
Introducing the additional unit factor
1 = d4q δ4 (p1 − p′1 − q) =
s
2
dα dβ d2~q δ4 (p1 − p′1 − q) (16)
we put the phase volume to the form
dΓ = (2π)−8
dx1dx2
8sxx1x2
d2~qd2~r21d
2~r2. (17)
One can see that the module of the matrix element tends to zero in the limit, then
transferred momentum q goes to zero. To be convinced, let us write the quantity Nh as
Mh =
1
sβ
(q − q⊥)νJν(q) = − 1
s0
qν⊥u¯(p
′)Oν(q)u(p). (18)
So this fact is the sequence of gauge invariance of current.
Here and further we restrict ourselves only to the approximation of a ”large logarithm”
(i.e. the so-called Weizsa¨cker-Williams approximation). To do this, we perform the integra-
tion over the transferred momentum using the relation
∫
d2~q ~qi~qj
π(~q2 +m2eβ
2)2
=
1
2
δij(L− 1),
where L is the ”large logarithm”:
L = ln
Q2s2
m2es
2
0
≈ ln s
2
m2eM
2
≈ 23. (19)
Writing the matrix element of the pion photo-production sub-process γ(q) + p→ Nπ1π2
as
M ih =
1
s0
u¯(p′)Oˆiu(p), i = π
+π−, π+π0, (20)
6and using the density matrix of a polarized proton as u(p, a)u¯(p, a) = (pˆ +M)(1 − γ5aˆ),
where 4-vector a is the polarization vector of the initial proton (i.e. p · a = 0), we obtain for
the differential cross section:
dσi
dx1dx2
= σ0
Si
s20
dx1dx2d
2~q1d
2~q2
xx1x2π2
,
σ0 =
α2G2
64M2π3
(L− 1), (21)
where
Si =
M2
4
Tr(pˆ′ +M) ~O(pˆ+M)(1 − γ5aˆ) ~O∗. (22)
For HERMES conditions the factor σ0 has a rather large value σ0 ≈ 2 · 10−30 cm2, i.e. of
an order of two micro-barns. For ZEUS detector the expected cross section is about three
micro-barn.
II. MATRIX ELEMENT OF pi+pi− PRODUCTION ON A PROTON
The matrix element of the π+π− meson production can be presented as a sum of two
separately gauge-invariant contributions
u¯(p′)Opi
+pi−u(p) =Mpi+pi− = M1 +M2. (23)
The first term describes the subprocess of creation of a pion pair by (virtual) photon and
(virtual) ρ-meson
M1 =
1
q21 −M2ρ
[u¯(p′)γρu(p)]×
×
{
((2q− − q) , e) (−2q+ + q1)ρ
(q − q−)2 −m2 +
(2q− − q1)ρ ((−2q+ + q) , e)
(q − q+)2 −m2 − 2eρ
}
, (24)
where e = e(q) is the polarization vector of virtual photon, q1 = q+ + q− − q. The second
term describes the subprocess of Compton scattering on a proton with emission of ρ-meson
which subsequently decays into a pion pair
M2 =
1
q22 −M2ρ + iΓρMρ
[
u¯(p′)
{
eˆ
pˆ′ − qˆ +M
(p′ − q)2 −M2 vˆ + vˆ
pˆ+ qˆ +M
(p + q)2 −M2 eˆ
}
u(p)
]
, (25)
where q2 = q+ + q−, v = −q+ + q−.
7Both contributions (M1and M2) satisfy the gauge condition: they turn to zero when we
use the mass shell conditions and replace e(q)→ q.
The matrix element (23) can be written in the form
Mpi+pi− =
s
s0
[
u¯(p′)Oˆ+−u(p)
]
, (26)
where we left only quadratic over ~q terms and operator Oˆ+− has the form:
Oˆ+− = Aqˆ+ +Bqˆ− + Cqˆ⊥ +Dvˆ + Eqˆ⊥pˆ1vˆ + F vˆpˆ1qˆ⊥, (27)
where
A =
4x2x+
s0Dρ
~q~q−
M2
; B =
4x2x−
s0Dρ
~q~q+
M2
; D =
2x2−x
2
+
s0Dρ
~p′~q−
M2
;
C =
2x
Dρ
; E =
x+x−
sxDpi
; F =
x+x−
sDpi
,
and the ρ-meson and pion propagator denominators are
Dρ = xµ
2 + ν2(1− x)2 + χ1 + χ2 + 2χ,
Dpi = −µ2(1− iγρ)x+x− + x21χ2 + x22χ1 − 2x+x−χ+ ν2(1− x)2,
γρ =
Γρ
Mρ
, µ =
Mρ
M
, ν =
m
M
.
III. MATRIX ELEMENT OF pi+pi0 PRODUCTION ON A PROTON
For the subprocess γ∗(q)+p(p)→ n(p′)π+(q+)π0(q0) the amplitude M+0 contains besides
the Compton-like amplitude
M1 =
1
(q+ + q0)2 −M2ρ + iΓρMρ
[
u¯(p′)(qˆ0 − qˆ+) pˆ+ qˆ +M
(p+ q)2 −M2 eˆu(p)
]
, (28)
also three terms corresponding to the conversion of the virtual photon and the virtual ρ-
meson to a pion pair:
M2 =
u¯(p′)γρu(p)(
(q+ + q0)2 −M2ρ
) (
(q+ + q0 − q)2 −M2ρ
)
×
[
ev+ (−q+ − q0 − q)ρ + v+ρ (2q+ + 2q0 − q) e+ eρv+ (2q − q+ − q0)
]
,
M3 = − u¯(p
′)(−qˆ+ + qˆ0 + qˆ)u(p)e(−2q+ + q)(
(q+ + q0)2 −M2ρ
)
((q+ − q)2 −m2)
;
M4 =
u¯(p′)eˆu(p)
(q+ + q0 − q)2 −M2ρ
, v+ = −q+ + q0.
8It can be checked that the sum
M+0 =M1 +M2 +M3 +M4, (29)
obeys the gauge condition. Writing this amplitude in the form similar to (26) leads us to
M+0 =
s
s0
[
u¯(p′)Oˆ+0u(p)
]
, (30)
where:
Oˆ+0 = − vˆ+pˆ1qˆ⊥
sDpi
+
1
DρDpi
[−2βpˆ1~q~v+ + 2vˆ+~q(~q+ + ~q0) + s0(x+ − x0)qˆ⊥]−
− 1
s0Dρx+
[s0x+qˆ⊥ + 4~q~q+qˆ0] , (31)
where the expressions for s0, Dρ, Dpi can be obtained from the relevant expressions for
process of π+π− production (see Section II) by replacement ~q−, x− → ~q0, x0.
IV. RESULTS
The differential cross section of the pion pair electroproduction processes we are consid-
ering here can be obtained using Eq. (21). In the case of π+π− pair production we have to
insert the quantity S+− into this formula (21). This quantity has the form:
S+− = (1− P±)
{−2 1
M
[ ~q+~a]z · ImDpi
Dρ|Dpi|2s0 A +
4ReDpiM
2
s20Dρ|Dpi|2
D
}
+
+ (1 + P±)
{
2M2
D2ρs
2
0
C +
2M2
s20|Dpi|2
F
}
, (32)
where the permutation operator P± acts on any function F (x+, x−, ~q+, ~q−) in the following
manner
P±F (x+, x−, ~q+, ~q−) = F (x−, x+, ~q−, ~q+) (33)
and the quantities A, C, D, F in (32) are given in Appendix A.
In the case of π+π0 pair production we have to insert the quantity S+0 into this formula
(21). This quantity has the form:
S+0 = − 2ImDpi
s0D2ρ|Dpi|2
[
[~q+,~a]z
M
(A1 + A2Dρ) +
[~q0,~a]z
M
B
]
+
2
s0D2ρ
C +
+
2
Dρ|Dpi|2D +
4ReDpi
s0D2ρ|Dpi|2
E +
2
Dρ|Dpi|2F +
4ReDpi
Dρ|Dpi|2G+
2
|Dpi|2H, (34)
9x+ / x− 0.2 0.3 0.4 0.5 0.6 0.7
0.2 0.268 0.359 0.362 0.312 0.250 0.138
0.3 0.337 0.613 0.708 0.620 0.410
0.4 0.351 0.712 0.899 0.808
0.5 0.315 0.625 0.792
0.6 0.240 0.406
0.7 0.137
Tab. I: The function F unp+− (x+, x−) (defined in (36)) is presented for different values of the final
pion energy fractions x+ and x− for the pi
+pi− production case.
x+ / x0 0.2 0.3 0.4 0.5 0.6 0.7
0.2 56.325 23.089 2.897 0.418 0.052 0.003
0.3 23.166 14.824 5.237 0.421 0.016
0.4 2.876 5.063 0.990 0.071
0.5 0.415 0.419 0.067
0.6 0.051 0.016
0.7 0.003
Tab. II: The function F unp+0 (x+, x0) (defined in (36)) is presented for different values of the final
pion energy fractions x+ and x0 for the pi
+pi0 production case.
where quantities A1, A2, B, C, D, E, F , G, H are given in Appendix B.
The Dalitz-distribution (the distribution over final pion energy fractions) can be written
in the following form:
dσ
dx1dx2
= σ0F
unp
i (x1, x2) , (35)
where the function F unpi (x1, x2)
F unpi (x1, x2) =
∫
d2~q1
π
d2~q2
π
xx1x2
Si
s20
. (36)
In the case of π+π− production this function is presented in Table I; while in the case of
π+π0 production, in Table II.
In the experimental setup when we fix the azimuthal angle ψ between the proton polar-
ization vector ~a and the transverse momentum of one of the pions ~q+, i.e. ψ = (~a, ~q+), some
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Fig. 2: The asymmetry A (x+, x−) (defined in (38)) as a function of x+ with x− fixed to definite
values.
polarization dependent contributions appear:∫
d |~q1|
∫
d2q2
π
xx1x2
Si
s20
= |~a| sinψ F poli (x1, x2) + F unpi (x1, x2) . (37)
And thus in experiment the asymmetry [18, 19]
A (x1, x2) =
F poli (x1, x2)
F unpi (x1, x2)
, (38)
can be measured. This asymmetries for both channels are presented in Figs. 2, 3 as a
function x+ for fixed values of x− or x0.
We should note that the meaning of the quantities x, x1, x2 is different in the laboratory
reference frame and in the center of mass of the initial particles (c.m. frame). In the c.m.
frame they are the energy fractions of the jet consisting of the recoil proton and pions which
obey the conservation laws
x+ x1 + x2 = 1, xi =
2Ei√
s
,
2m√
s
< xi < 1,
2M√
s
< x < 1. (39)
In the laboratory frame, keeping in mind the explicit form of the light-like vectors p˜ and
p˜1 ≈ p1:
p˜ =
M
2
(1,−1, 0, 0), p1 = E(1, 1, 0, 0),
11
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Fig. 3: The asymmetry A (x+, x0) (defined in (38)) as a function of x+ with x0 fixed to definite
values.
we have for energies:
Ei =
M
2
xi +
~q2i +m
2
2Mxi
, E ′ =
M
2
x+
(~q1 + ~q2)
2 +M2
2Mx
,
M +
s1
2Mxx1x2
= E1 + E2 + E
′,
m
M
< xi < 1.
The values of 3-momenta squares are
q2i = ~q
2
i +
[
−M
2
xi +
~q2i +m
2
2Mxi
]2
,
p2 = (~q1 + ~q2)
2 +
(
−M
2
x+
(~q1 + ~q2)
2 +M2
2Mx
)2
.
We specifically emphasize that the left part of these equalities has the 3-dimensional vectors
and the right part has the two-dimensional vectors (their components perpendicular to the
initial electron direction are zero).
The Dalitz-plot distributions for the unpolarized case (see Fig. 2 and 3, while σ0 ≈ 2µb)
seem to be accessible in experiments of HERMES. The one-spin asymmetries (see (38)) have
a value of several per cent and can be measured as well. A preliminary comparison of these
quantities is in qualitative agreement with data obtained at HERMES [21].
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V. CONCLUSION
In this study, we examined the production of pions in the electron-proton scattering,
taking into account that the proton in the initial state is polarized. In the calculation, we
used the HERMES energy.
In this paper, we investigated the differential spectral distribution of the energy fractions
x±,0 and spin asymmetry in the region x+ + x− < 1, and x+ + x0 < 1. Our results can be
used in HERMES and COMPASS experiments.
Appendix A: The production of pi+pi− pair
Here we present the explicit expressions for the values of A, C, D, F for the π+π−
production (see (32)):
A = A1χ+ +
1
2
A3χ− +
1
2
A4s1 +
1
2
A5; (A1)
C = C1χ
2
+χ− +
1
2
C3χ+χ−χ+ C4χ
2
+ +
1
2
C6χ
2 +
1
2
(C7 + s1C8)χ+χ− +
(C9 + s1C10)χ+χ+ (C13s1 + C14 + C15s
2
1)χ+ +
1
2
(C19 + C20s
2
1)χ +
1
2
C21s
2
1 +
1
2
C22s
3
1; (A2)
D = D1χ
2
+χ− +D3χ+χ
2
− +D5χ
2
+χ+
1
2
D7χ+χ−χ+D8χ
2
+ +
1
2
χ2(D10 + s1D11) +
1
2
χ+χ−D12 + (D13 + s1D14)χ+χ + (D17s1 +D18 + s
2
1D19)χ+ +
1
2
(D23s1 +D24 +D25s
2
1)χ+
1
2
D26s
2
1 +
1
2
D27s
3
1; (A3)
F = F1χ
3
+ + F3χ
2
+χ− + F5χ+χ
2 + F7χ
2
+χ+
1
2
F9χ+χ−χ+ χ
2
+(F10s1 + F11) +
1
2
χ2(F14s1 + F15) +
1
2
χ+χ−(F16s1 + F17) + (F18s1 + F19)χ+χ +
(F22s1 + F23 + s
2
1F24)χ+ +
1
2
(F28 + s1F29)χ +
1
2
s21F30 +
1
2
s31F31. (A4)
The expressions for the coefficients are
A1 = −x(1 − x)(1− x−)x3−; A2 = xx+x−(1− x)(2x+ − x−(1− x+));
A3 = 2x(2− x−)x+x2−(1− x); A4 = x2−(1− x)(1 + x+ − x−);
A5 = xx
3
−x+(1− x)(x+ − x−). (A5)
13
C1 = − 2
x+
x4(x2− − x+(1− x−));C3 = 4x4(2− x);C4 = −
2
x+
x4x4−;
C6 = 4x
3;C7 = −2x4[x+x−(1− x)− 2(x2+ + x2−)];C8 =
2x3
x+x−
(1− x)2;
C9 = 4x
2
−x
4(1 + x−);C10 = − 2
x+
x−x
3;C13 =
2
x+
x2−x
3(1− x);
C14 = 2x
4
−x
4;C15 = − x
2
x+
;C19 = 4x
2
−x
2
+x
4;
C20 =
2
x+x−
x2(1− x);C21 = −x2(1− x);C22 = x
x+x−
. (A6)
D1 = 2(xx−)
2x+;D3 = 2(xx−x+)
2;D5 = x
2x2−x+(1− x−);
D7 = x+x−x
2(x− − x+)(2− x);D8 = x2x4−x+(1 + x−);
D10 = −2(xx+x−)2(1− x)(x− − x+);D11 = xx+x−(1 + x)(x− − x+);
D12 = −3(xx−x+)2(x− − x+);
D13 = x
2
−x
2x+[x
3
− + x
2
−(1− 2x+)− x−x+(1 + x+) + 2x2+];
D14 =
1
2
xx−[x
3
− − x2− + x−x+(6− x+) + x+(3x+ − 2)];D17 = −xx3−x+;
D18 = −x2x2+x4−(x− − x+);D19 =
1
2
x−[x+ − xx−];
D23 =
1
2
xx−x+(1− x)(1 − 3x)(x− − x+);D24 = −(xx−x+)2(x2− + x2+)(x− − x+);
D25 =
1
2
x(1− x)(x− − x+);D26 = −1
2
x−x+(1− x)(x− − x+);
D27 =
1
2
(x− − x+). (A7)
F1 =
1
2
x4−x
2
+(1− x−);F3 = −
1
2
x3−x
2
+[x
2
− − x−(1− x+) + x+(2 + x+)];
F5 = 2x
4
−x
3
+;F7 = x
2
+x
4
−(1 + x+ − x−);F9 = −2(x−x+)3;
F10 = −1
2
x3−x
2
+(2− x−);F11 = −
1
2
x4−x
3
+[x−(3− x)− 2x+];F14 = −2(x−x+)3;
F15 = 2(x−x+)
4(1− x);F16 = 1
2
(x−x+)
2[x2− + x
2
+ + 2(1− x)];
F17 = −1
2
(x−x+)
3[(1− x)(x2− + x2+) + 2(x− − x+)2];F18 = x3−x2+(x− − x+);
F19 = −x4−x3+(3− x)(x− − x+);F22 = (x−x=)3(x− − x+);F23 =
1
2
(x−x+)
4(x− − x+);
F24 =
1
4x
x2−x+[−x2−(1− x−)− x2+(3− x−) + 2x+(1 + x2−)];F28 = (x−x+)4(x− − x+)2;
F29 = − 1
2x
(x−x+)
2[1 + x2];F30 = − 1
4x
(x−x+)
2(1− x)(x− − x+)2;
F31 =
1
4x
x−x+(x− − x+)2.(A8)
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Appendix B: The production of pi+pi0 pair
Here we present the explicit expressions for the scalar coefficients in trace for the π+π0
production (see (34)):
A1 = s1[χ+a1 + χ0a2 + χa3] + s
2
1a4;
A2 = χ+a5 + χ0a6 + χa7 + s1a8 + a9, (B1)
with
a1 = − 1
x+
x2x30; a2 = x+x0x
2; a3 = 4(x0x)
2; a4 =
1
x+
xx20;
a5 = x
2x40; a6 = x0x+x
2(x+ − x0 + x+x0); a7 = −2x+x30x2,
a8 = x(x+ − x0); a9 = x+x30x2(x+ − x0). (B2)
B = s1(b1χ+ + b2χ0 + b3χ) + b4s
2
1, (B3)
with
b1 = −(x0x)2; b2 = (xx+)2; b3 = −4x+x0x2; b4 = −xx+. (B4)
C = c1χ
2
+χ0 + c2χ
2
0χ+ + c3χ+χ0χ + c4χ
2
+ + (c5 + s1c6)χ+χ0 + (c7 + s1c8)χ+χ+
(c9s
2
1 + s1c10 + c11)χ+c12s
2
1χ0 + (s1c13 + c14)s1χ+
+s21c15 + s
3
1c16, (B5)
with
c1 = −2x
2
0(x+ + x0 − 1)4
x+
, c2 = −2(x+ − 1)(x+ + x0 − 1)2, c3 = 4x0(x+ + x0 − 1)4,
c4 = −
2x40(x+ + x) − 1)4
x+
, c5 = −2(x+ − 2)x20(x+ + x0 − 1)4,
c6 = −(x+ + x0 − 1)
3(x+ + 2x0)
x+
, c7 = 4x
3
0(x+ + x0 − 1)4, c8 =
x0(x+ + x0 − 1)3
x+
,
c9 = −(x+ + x0 − 1)
2
4x+
, c10 = −x
2
0(x+ + x0 − 1)3(x+ + 2x0)
x+
, c11 = 2x
4
0(x+ + x0 − 1)4,
c12 = −(x+ + x0 − 1)
2
4x0
, c13 =
(x+ + x0 − 1)
x+
, c14 = x+x0(x+ + x0 − 1)3,
c15 = −1
4
(x+ + x0 − 1)2(x+ + x0), c16 = −x+ + x0 − 1
4x+x0
.(B6)
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D = d1χ
3
+ + d2χ
3
0 + d3χ
2
+χ0 + d4χ
2
0χ+ + d5χ
2
+χ+
d6χ
2
0χ+ d7χ
2χ+ + d8χ
2χ0 + d9χ+χ0χ+
(s1d10 + d11)χ
2
+ + (s1d12 + d13)χ
2
0 + (s1d14 + d15)χ
2 +
(s1d16 + d17)χ+χ0 + (s1d18 + d19)χ+χ+ (s1d20 + d21)χ0χ+
(s21d22 + s1d23 + d24)χ+ + (s
2
1d25 + s1d26 + d27)χ0 +
(s21d28 + d29)χ+s
2
1d30 + s
3
1d31, (B7)
with
d1 = −1
2
x2x20(x0 − 1), d2 = −
1
2
x2x2+(x+ − 1),
d3 = −1
2
x2x0(x
2
0 + (x+ − 1)x0 + x+(x+ + 2)),
d4 = −1
2
x2x+(x
2
0 + (x+ + 2)x0 + x+(x+ − 1)),
d5 = x
2x20(x+ − x0 + 1)x20, d6 = −x2x2+(x+ − x0 − 1),
d7 = 2x
2x+x
2
0, d8 = 2x
2x2+x0, d9 = −2x2x+x0, d10 =
1
2
xx0(x+ + 2x0 − 2),
d11 = −1
2
x2x+x
2
0(x+(x0 − 2) + x0(x0 + 2)), d12 =
1
2
xx+(2x+ + x0 − 2),
d13 = −1
2
x2x2+x0(x+(x+ + 2) + x0(x0 − 2)), d14 = −2xx+x0, d15 = 2x2x2+x20(1− x),
d16 = −x((x+ − 1)x0 − x+),
d17 = −1
2
x2x+x0(x
3
0 + (x+ + 2)x
2
0 + (x+ − 4)x+x0 + x2+(x+ + 2)),
d18 = −xx0(x+ − x0), d19 = x2x20x+(x+ − x0)(3− x),
d20 = xx+(x+ − x0), d21 = −x2x2+x0(x+ − x0)(3− x),
d22 =
1
4
(
− x
2
0
x+
− 3x+ + 2
)
, d23 = −1
2
xx+x0(x+ − x0)(2 + x),
d24 =
1
2
x2x2+x
2
0(x+ − x0)2, d25 =
1
4
(
−x
2
+
x0
− 3x0 + 2
)
,
d26 = −1
2
x+xx0(x+ − x0)(x− 1), d27 = 1
2
x2x2+x
2
0(x+ − x0)2,
d28 = −x, d29 = x2x2+(x+ − x0)2, d30 = −
1
4
(x+ − x0)(1− x),
d31 =
(x+ − x0)2
4xx+x0
. (B8)
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E = e1χ
2
+χ0 + e2χ
2
0χ+ + e3χ
2
0χ+ e4χ
2χ0 + e5χ+χ0χ+ e6χ
2
+
(s1e7 + e8)χ
2 + (s1e9 + e10)χ0χ+ + (s1e11 + e12)χχ+ +
(s1e13 + e14)χχ0 + (s
2
1e15 + s1e16 + e17)χ+ + (s1e18 + e19)s1χ0 +
(s21e20 + s1e21 + e22)χ+ s
2
1e23 + s
3
1e24, (B9)
with
e1 = −x0x3(x0 + 1), e2 = −x+x3(x+ − 1), e3 = −x+x3(x+ − 1),
e4 = −2x3x+x0, e5 = −xx0(2x+ − x0 − 1), e6 = x3x30(x0 + 1),
e7 = 2x
2x0, e8 = −2x3x+x30, e9 = −x2, e10 = xx+x0(x+ + (x+ − 2)x0),
e11 =
x0x
2(2x+ − x0)
2x+
, e12 = −x3x30(2x+ − x0 − 1), e13 = −
1
2
x2(3x+ + 2x0 − 2),
e14 = x+x0x
3(x+ + (x+ − 2)x0), e15 = x(x+ − x0)
4x+
, e16 = −1
2
x20x
2(x0 + 2),
e17 = x+x
3
0x
3(x+ − x0), e18 = x(x+ − x0)
4x0
, e19 =
1
2
x2x2+x0,
e20 = −x(x+ − x0)
2x+
, e21 = x
2x0(x
2
+ − x20 + x0), e22 = x3x+x30(x+ − x0),
e23 =
1
4
x(x+ − x0)(1− x), e24 = 1
4
(
1
x+
− 1
x0
)
. (B10)
F = f1χ
2
+ + f2χ
2
0 + f3χ
2 + f4χχ0 + f5χ+χ0 + f6χ0χ+
(s1f7 + f8)χ+ + (s1f9 + f10)χ0 + s1χf11 + s
2
1f12, (B11)
with
f1 = −1
2
x+x
2
0x(x0 − 1), f2 = −
1
2
x2+x0x(x+ − 1), f3 = 2x2+x20x,
f4 = −1
2
x+x0x(x
2
+ + x
2
0 + 1− x), f5 = x+xx20(x+ − x0), f6 = −x2+x0x(x+ − x0),
f7 =
1
2
x0(x
2
0 + (x+ − 1)x+), f8 =
1
2
x2+x
2
0x(x+ − x0), f9 =
1
2
x+(x
2
+ + (x0 − 1)x0),
f10 = −1
2
x2+x
2
0x(x+ − x0), f11 = x+x0x, f12 =
1
4
x20x. (B12)
G = g1χ
2 + g2χ0χ+ + g3χχ+ + g4χχ0 +
(s1g5 + g6)χ+ + s1χ0g7 + (s1g8 + g9)χ + s
2
1g10, (B13)
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with
g1 = −x+x20x2, g2 =
1
2
x+x0x
2, g3 =
1
2
x30x
2, g4 =
1
2
(x+ − 1)x+x0x2, g5 = 1
4
x20x,
g6 =
1
4
x+x
3
0x
2, g7 = −1
4
x2+x, g8 =
1
2
(x+ − x0)x0x, g9 = −1
2
x+x
3
0x
2, g10 =
1
4
(x+ − x0).(B14)
H = h1χ+ + h2χ0 + h3χ+ h4s1 + h5, (B15)
with
h1 = −1
4
x+x
2
0(x
2
0 + x+(x0 − 1)), h2 = −
1
4
x2+x0(x
2
+ + (x+ − 1)x0), h3 = −
1
2
x2+x
2
0x,
h4 =
x+(x+ − x0)2x0
4x
, h5 =
1
4
x2+x
2
0(x+ − x0)2.(B16)
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